Abstract. This paper presents results on the framization of some knot algebras, defined by the authors. We explain the motivations of the concept of framization, coming from the YokonumaHecke algebras, as well as recent results on the framization of the Temperley-Lieb algebra. Finally, we propose framizations for other knot algebras such as the BMW algebra, the B-type related Hecke algebras and the singular Hecke algebra.
Introduction
Modular framization (or simply framization) is a mechanism proposed recently by the authors and it consists in constructing a non-trivial extension of a knot algebra via the addition of framing generators. In this way we obtain a new algebra which is related to framed braids and framed knots.
By knot algebra we mean an algebra that is applied to the construction of invariants of knots and links. We are focused on the framization of those knot algebras that define invariants of knots via the Jones' construction. More precisely, such a knot algebra A is a triplet (A, π, τ ), where π is a representation of a braid group in A and τ a Markov trace defined on A. The invariant obtained by the knot algebra A is constructed essentially from the composition τ • π after re-scaling and normalizing τ according to the braid equivalence in the given braid category. In Table 1 we list some knot algebras with related knot invariants.
Knot algebra Invariant Temperley-Lieb algebra Jones polynomial & bracket polynomial
Iwahori-Hecke algebra HOMFLYPT polynomial BMW algebra Kauffman polynomial B-type & affine Hecke algebras Lambropoulou invariants Singular Hecke algebra Kauffman-Vogel & Paris-Rabenda invariants Rook algebra Alexander polynomial Table 1 . Examples of knot algebras.
The inspiring example of framization is the so-called Yokonuma-Hecke algebra. Indeed, this algebra corresponds to a framization of the Iwahori-Hecke algebra. The Yokonuma-Hecke algebra appears in the field of group theory and was defined by Yokonuma [Yo] as a generalization of the Iwahori-Hecke algebra. More precisely, he considered the centralizer algebra of the permutation above. Finally, the conditions on the trace parameters for the third candidate, the Complex Reflection Temperley-Lieb algebra CTL d,n (u), involve only parameter z and not the framing parameters x 1 , . . . , x d−1 . So, in order to obtain knot invariants from the algebra CTL d,n (u) we have to impose the E-condition (Eq. 3.2). It follows that the knot invariants we obtain coincide with those from FTL d,n (u). The main disadvantage of CTL d,n (u) is that is is unnecessarily large for our purposes.
In Section 6 we propose framizations for the Hecke algebra of B-type, for the cyclotomic Hecke algebras of B-type, and for the generalized Hecke algebra of B-type, which is isomorphic to the affine Hecke algebra of A-type. These definitions were first given in [JL6] . All these algebras are related to the knot theory of the solid torus [La1, GL, La2] . These B-type framizations are further studied in , where Markov traces are also constructed and a corresponding E-condition is given.
In Section 7 we propose a framization of the Birman-Murakami-Wenzl or simply BMW algebra [BW, Mu] , which is related to the Kauffman polynomial invariant of knots [Ka1] . This framization was introduced and further studied in [JL6] .
Finally, in Section 8 we propose a framization of the singular Hecke algebra [PR] , which is related to the invariants of Kauffman-Vogel [KV] and Paris-Rabenda [PR] . This was introduced in [JL6] .
All these framization knot algebras are related to the framed braid group and they are of interest to algebraists. There are many more other knot algebras, such as other quotients of the classical braid group, quotients of the virtual braid group [Ka2, KL] , or the Rook algebra [BRY] which is related to the Alexander polynomial. For all these one could construct appropriate framization counterparts. Acknowledgments We would like to thank the Referee for the very careful reading and for the very interesting comments.
Notations and Background
1.1. Along the paper the term algebra means a C-associative algebra with unity denoted 1, where as usual C denotes the field of complex numbers. Notice that C can be regarded as included in the algebra as a central subalgebra. We also denote by CG the group algebra of a group G.
1.2. The letters n and d denote two positive integers. We denote by S n the symmetric group on n-symbols and by s i the elementary transposition (i, i + 1). Let B n be the classical Artin braid group. B n is presented by the braiding generators σ 1 , . . . , σ n−1 and the braid relations:
The framed braid group F n is the group defined by adding to the above presentation of B n the framing generators t 1 , . . . , t n and the following relations:
where s i (j) is the result of applying s i to j. The d-modular framed braid group, denoted F d,n , is defined by adding to the above presentation of F n the relations:
We denote C the infinite cyclic group and by C d the cyclic group of order d. We have C ∼ = Z and
From the above we have:
Finally, we shall denote the group:
1.3. From now on we fix a non-zero complex number u and a positive integer d.
Note 1. One of the authors does not agree with the denomination 'Juyumaya trace'and the other author does not agree with the denomination 'Lambropoulou invariants'.
2. The framization of the Hecke algebra of type A 2.1. The Iwahori-Hecke algebra of type A, H n (u), is the algebra with C-linear basis {h w | w ∈ S n } and the following rules of multiplication:
where ℓ is the usual length function on the symmetric group. Set h i := h s i . As usual we consider the presentation of the algebra H n (u) by 'braiding' generators h 1 , . . . , h n−1 , subject to the braid relations (1.1) together with the quadratic relations:
Note that H n (1) coincides with the group algebra CS n . The above presentation of H n (u) says that the mapping π : σ i → h i defines an epimorphism from CB n onto H n (u) whose kernel is generated by the expressions:
2.2. The Hecke algebra H n (u) is the knot algebra used to define the 2-variable Jones or Homflypt polynomial according to the Jones construction [Jo] . Namely, one uses the Markov braid equivalence on ∪ n B n , comprising conjugation in the groups B n and positive and negative stabilization and destabilization (ασ n ∼ α ∼ ασ −1 n ; α ∈ B n ), the map π from B n to H n (u) and the Ocneanu trace defined on H n (u):
Theorem 1 (Theorem 5.1 [Jo] ). Let ζ be an indeterminate over C. Then, there exists a unique C-linear map τ from the inductive limit of the family {H n (u)} n to C(ζ), such that τ (1) = 1 and satisfying the following rules for all a, b ∈ H n (u):
(Markov property).
Diagrammatically, the Markov property of τ is illustrated on the left-hand side of Figure 3 .
Then τ has to be normalized, so that the closed braids α and ασ n (α ∈ B n ) be assigned the same value of the invariant, and also re-scaled, so that the closed braids ασ −1 n and ασ n get also assigned the same value of the invariant. So, defining:
then the Homflypt polynomial P = P (u, λ) of an oriented link L is defined as follows
where α is a braid on n strands whose closure α is isotopic to L.
2.3. In group theory the Hecke algebra has a natural generalization, the Yokonuma-Hecke algebra Y d,n (u), see [Yo] . In [Ju1, JK] a new presentation was found for this algebra. Subsequently, in [Ju2] this new presentation was considered for the Yokonuma-Hecke algebra and was proved that it supports a Markov trace. We define Y d,n (u) as follows. 
where s i (j) denotes the result of applying s i to j, together with the following quadratic relations:
The elements e i are easily seen to be idempotents. Using this fact it follows from the quadratic relations (2.3) that the generators g i are invertible:
From the above presentation it is clear that the algebra Y d,n (u) is a quotient of the modular framed braid group algebra CF d,n under the quadratic relations (2.3). This observation leads to diagrammatic interpretations for the elements in Y d,n (u). For example, the elements e i (which are in CF d,n and in Y d,n (u)) can be represented as in Figure 1 .
Also, Eq. 2.5, which is equivalent to the quadratic relation, is illustrated in Figure 2 . 1 . . . t an n g, where the a i 's are integers modulo d and g is a word in the g i 's. Since the g i 's satisfy the braid relations we have that, if w = s i 1 . . . s im ∈ S n is a reduced expression, then the following element g w := g i 1 . . . g im is well-defined. In [Ju1] it is proved that the multiplication rules in Y d,n (u) are governed by the group C d,n . In fact, the multiplication rules among the framing generators and between the framing generators and the braiding generators are the same multiplication rules as in the group C d,n . For the multiplication among the braiding generators we have:
Notice now that Y d,n (1) = CC d,n . This says that Y d,n (u) is essentially obtained from H n (u) by adding framing generators, since H n (1) = CS n . For this reason we shall call the Yokonuma-Hecke algebra Y d,n (u) a framization of the Iwahori-Hecke algebra H n (u). The key point in this framization is the quadratic relation (2.3), which is considered as the framization of the Hecke algebra quadratic relation.
The representation theory of the Yokonuma-Hecke algebra has been studied in [Th] and . Finally, it is worth mentioning that the notions of the modular framed braid group F d,n as well as of the Yokonuma-Hecke algebra Y d,n (u) have been extended to constructions on the p-adic level [JL1, JL2] and the adelic level [JL4] .
2.5. Another crucial property of the Yokonuma-Hecke algebra is that is supports a Markov trace:
Theorem 2 (Theorem 12 [Ju2] ). Let z, x 1 , . . . , x d−1 be indeterminates over C. Then, there exists a unique C-linear map tr from the inductive limit of the family {Y d,n (u)} n to C(z, x 1 , . . . , x d−1 ), such that tr(1) = 1 and satisfying the following rules for all a, b ∈ Y d,n (u):
The topological interpretations for rules (2) and (3) are given in Figure 3 . The trace tr shall be called the Juyumaya trace. Note that for d = 1, the algebra Y 1,n (u) is the Iwahori-Hecke algebra H n (u) and the Juyumaya trace coincides with the Ocneanu trace with parameter z. Note also that the trace tr lifts to the p-adic level [JL1, JL5] and to the adelic level [JL4] .
2.6. A Markov trace is a key ingredient for constructing knot invariants from an algebra. The first key requirement is that there is a representation of some braid category to the algebra. Another key requirement is to have a Markov-type braid equivalence for the braid category, corresponding to isotopy in the related knot category. The last key ingredient is to re-scale and normalize the trace according to the given braid equivalence.
In the case of the Yokonuma-Hecke algebras we have a natural connection with the framed braid category and with the classical braid category. More precisely, the defining relations of Y d,n (u) yield two natural representations. One of the framed braid group:
and another of the classical braid group:
The map δ can be viewed as the composition of the map γ with the natural injection of B n into F n , whereby σ i → σ i , and classical braids are considered to have all framings zero. In the sequel we will sometimes identify a braid α with its image through γ or δ.
The E-system
The framed braid equivalence comprises conjugation in the groups F n and positive and negative stabilization and destabilization (see for example [KS] ). So, with the trace tr in hand, in [JL5] the authors tried to obtain topological invariants for framed links after the method of V.F.R. Jones [Jo] . This meant that tr would have to be normalized, so that the closed framed braids α and α σ n (α ∈ F n ) get assigned the same value of the invariant, and also re-scaled, so that the closed framed braids α σ −1 n and α σ n (α ∈ F n ) get also assigned the same value of the invariant. However, as it turned out, tr(α g −1 n ) does not factor through tr(α). That is, remarkably:
n )tr(α), since, from (2.5), we deduce that tr(αg −1 n ) = tr(α g n ) + (u −1 − 1) tr(α e n ) + (u −1 − 1) tr(α e n g n ) and, although tr(α e n g n ) = z tr(α), the term tr(α e n ) does not factor through tr(α). Forcing the E-condition:
implies equivalently that the trace parameters x 1 , . . . , x d−1 have to satisfy the E-system [JL5] , the following non-linear system of equations in C:
where
where the sub-indices on the x j 's are regarded modulo d and x 0 := 1. As it was shown by P. Gérardin ([JL5, Appendix]), the solutions of the E-system are parametrized by the non-empty subsets of Z/dZ.
It is worth noting that the solutions of the E-system can be interpreted as a generalization of the Ramanujan sum. Indeed, by taking the subset R of Z/dZ comprising the numbers coprime to d, then the solution parametrized by R is, up to the factor |R|, the Ramanujan sum c d (k) (see [Ra] ).
It is also worth mentioning that solutions of the E-system lift to solutions on the p-adic level [JL1, JL5] and on the adelic level [JL4] .
Knot invariants from the Yokonuma-Hecke algebras
The Yokonuma-Hecke algebras have been used for constructing invariants for framed knots [JL5] , for classical knots [JL4] and for singular knots [JL3] . These invariants qualify the algebra Y d,n (u) as a knot algebra and they comprise our main motivation for extending the notion of framization to other known knot algebras. We shall now recall briefly the construction of these invariants.
4.1. Let X D = (x 1 , . . . , x d−1 ) be a solution of the E-system parametrized by the non-empty subset D of Z/dZ.
Definition 2 (Definition 3 [CL] ). The trace map tr D defined as the trace tr with the parameters x i specialized to the values x i , shall be called the specialized Juyumaya trace with parameter z.
Note that for d = 1 the trace tr D coincides with the trace tr (and with the Ocneanu trace with parameter z). As it turns out [JL4, JL5] ,
where |D| is the cardinal of the subset D.
4.2. Let L f denote the set of oriented framed links. From the above, and re-scaling
we have the following (mapping
Theorem 3 ( [JL5] ). Given a solution X D of the E-system, for any framed braid α ∈ F n we define for the framed link α ∈ L f :
is the algebraic sum of the exponents of the σ i 's in α and γ the epimorphism (2.6). Then the map Γ D (u, λ D ) is a 2-variable isotopy invariant of oriented framed links.
Further, in [JL5] a skein relation has been found for the invariant Γ D (u, λ D ) involving the braiding and the framing generators:
, are diagrams of oriented framed links, which are all identical except near one crossing, where they differ by the ways indicated in Figure 4 .
Finally, a p-adic (resp. adelic) invariant for oriented framed links, Γ p ∞ , has been defined through the invariants Γ D . For more details see [JL5, JL4] .
Note 2. It is logical that one should try to extract from the invariants for framed links invariants of 3-manifolds. But for this, one needs to start with invariants of unoriented framed links. This can be achieved from our constructions so far by taking appropriate quotients of the Yokonuma-Hecke algebras, analogous to the Temperley-Lieb algebras. This is presented in Section 5.
4.3. Let L denote the set of oriented classical links. A classical link may be viewed as a framed link with all framings zero. By the mapping (2.7) of the classical braid group B n in Y d,n (u), by the classical Markov braid equivalence and using the construction and notations above we obtain invariants for classical links, where the t j 's are treated as formal generators [JL4] . Namely:
. Given a solution X D of the E-system, for any braid α ∈ B n we define for the link α ∈ L:
where P D , λ D are as defined in §4.2, ǫ(α) is the algebraic sum of the exponents of the σ i 's in α and δ is the natural algebra homomorphism (2.7). Then the map
The invariant ∆ D (u, λ D ) can be viewed as the restriction of Γ D (u, λ D ) on the set of framed links with all framings zero.
The invariants ∆ D (u, λ D ) need to be compared with known invariants of classical links, especially with the Homflypt polynomial P (u, λ), recall §2.2. This is not easy to do on the algebraic level as there are no algebra homomorphisms connecting the algebras and the traces [CL] . Further, the skein relation of the invariant ∆ D (u, λ D ) has no topological interpretation in the case of classical links. This makes the comparison very difficult also using diagrammatic methods. It is worth noting at this point that in Y d,n (u) a 'closed' cubic relation is satisfied [JL2, JL4] , closed in the sense of involving only the braiding generators, which is of minimal degree. Namely: 
where the links L ++ , L + , L 0 and L − have identical diagrams, except for a region where they differ in the manners illustrated in Figure 5 . However, the above skein relation is not sufficient for determining the invariant ∆ D (u, z) diagrammatically with a simple set of initial conditions.
As it turns out, the cubic relation factors to the quadratic relation of the Iwahori-Hecke algebra H n (u):
Unfortunately, this factoring does not give information about the comparison of the invariants.
From our construction it follows that we have, at least, recovered the Homflypt polynomial. In [CL] it is shown that for generic values of the parameters u, z the invariants ∆ D (u, λ D ) do not coincide with the Homflypt polynomial except in the trivial cases u = 1 or E = 1. More precisely, for E = 1 an algebra homomorphism h : Y d,n (u) −→ H n (u) can be defined and the composition τ • h is a Markov trace on Y d,n (u) which takes the same values as the specialized Juyumaya trace tr D whereby the x i 's are specialized to d th roots of unity [JL5, Appendix] . In this case we also obtain |D| = 1. For details see [CL, §3] .
Yet, computational data [CJJKL] indicate that these invariants do not distinguish more knot pairs than the Homflypt polynomial, so they are probably topologically equivalent to the Homflypt polynomial. A complete answer to this question is still under investigation. In [CJJKL] some conjectures are formulated and tackled in this direction. Also, it is proved that the specialized Juyumaya trace can be computed for classical braids with rule (3) replaced by another rule involving the elements e i .
4.4. Let L S denote the set of oriented singular links. Oriented singular links are represented by singular braids, which form the singular braid monoids SB n [Ba, Bi, Sm] . SB n is generated by the classical braiding generators σ i with their inverses and by the elementary singular braids τ i which are not invertible. In [JL3] the following monoid homomorphism was constructed:
In view of the elements p i the quadratic relations (2.3) may be rewritten as: g 2 i = 1 + (u − 1)p i . Using now the singular braid equivalence [Ge] , the map η and the specialized Juyumaya trace tr D we obtain isotopy invariants for oriented singular links [JL3] :
. Given a solution X D of the E-system, for any oriented singular link α ∈ L S , where α ∈ SB n , we define:
where P D , λ D are as defined in §4.2, η as defined in (4.6) and where ǫ(α) is defined as follows: Let
is a 2-variable isotopy invariant of oriented singular links.
Moreover, in the image η(SB n ) the following relations hold:
which give rise to the following skein relation:
where L + , L − and L × are diagrams of three oriented singular links, which are identical except near one crossing, where they are as depicted in Figure 6 .
For further details the reader is referred to [JL3] . We note that there are some differences from [JL3] in the signs in (4.6), (4.7) and (4.8); this is due to the change of sign in the quadratic relation (2.3).
4.5. Another category of knots which seems to be naturally related to the Yokonuma-Hecke algebras is the category of transverse knots, for the following reasons: transverse knots are naturally framed and oriented, and their equivalence is more refined than framed knot isotopy. In 1983 D.
Bennequin [Be] noted that the closed braid presentation of knots is convenient for describing transverse knots. Further, S. Orevkov and V. Shevchishin [OS] and independently N. Wrinkle [Wr] gave a transverse analogue of the Markov theorem, comprising conjugation in the framed braid groups and positive only stabilizations and destabilizations: α ∼ α σ n ∈ F n+1 , where α ∈ F n . Now, rule (2) of the trace tr (Theorem 2) tells us that it respects positive stabilizations but property (3.1) tells us that tr does not behave well under negative stabilizations. Using the above, an invariant M (u, λ, x 1 , . . . , x d−1 ) for transverse knots has been constructed in [CJJKL] , which coincides with the invariant Γ D (u, λ D ) of framed knots when (x 1 , . . . , x d−1 ) specializes to a solution of the E-system. However, as it turns out, the invariants M (u, λ, x 1 , . . . , x d−1 ) are only topological invariants of framed knots. For details see [CJJKL] .
4.6. Due to the quadratic relation (2.3) it is very difficult to do computations in the YokonumaHecke algebras and the trace tr. In http://www.math.ntua.gr/˜sofia/yokonuma/index.html the reader can find a program by Sergei Chmutov and Konstantinos Karvounis, together with instructions for using it.
Framization of the Temperley-Lieb algebra
In this section we define possible framizations for the Temperley-Lieb algebra and we indicate one of them as our favourite. The results of this section are contained in [GJKL1] and [GJKL2] . 5.1. The Temperley-Lieb algebra can be defined in several ways. Here, it is convenient to define the Temperley-Lieb algebra TL n (u) as the quotient of the Hecke algebra H n (u) by the two-sided ideal generated by the Steinberg elements [Jo] :
that is:
V.F.R. Jones recovered his Markov trace on the Temperley-Lieb algebra from the Ocneanu trace τ [Jo] as follows: He required first that τ is zero on the Steinberg elements. This yielded two values for the parameter ζ, namely:
, where u = −1 and ζ = −1.
He then showed that for these values τ is zero on all elements of the defining ideal of TL n (u).
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Finally, the Jones polynomial V (u) is obtained from the Homflypt polynomial (recall § 2.2) by taking
Hence λ = u. That is, V (u) = P (u, u). In order to define a framization of the Temperley-Lieb algebra, the most natural approach is to take an appropriate quotient of the Yokonuma-Hecke algebra, in analogy with the classical case. So, we try to define in Y d,n (u) elements analogous to the h i,i+1 's as generators of a two-sided ideal. Now, having in mind that the multiplication rules of the Hecke algebra are governed by the symmetric group and those of Y d,n (u) are governed by the group C d,n (recall Eq. 1.4), we have two obvious possibilities for generating elements, which give rise to two natural candidates for the framization of the Temperley-Lieb algebra.
5.2. For the first possibility we define for all i the elements:
Then, we have:
). For n ≥ 3, the algebra Yokonuma-Temperley-Lieb, denoted YTL d,n (u), is defined as the quotient:
In [CP] the representations of YTL d,n (u) are determined, as well as the dimension and an explicit basis. In [GJKL1] YTL d,n (u) is studied as a knot algebra. A presentation with non-invertible generators is given. Also, the necessary and sufficient conditions are established for the Juyumaya trace tr on Y d,n (u) to pass to the quotient algebra YTL d,n (u). Indeed we have:
Theorem 6 (Theorem 5 [GJKL1] ). The trace tr passes to the quotient YTL d,n (u) if and only if the x i 's are solutions of the E-system and one of the two cases holds:
(i) For some 0 ≤ m 1 ≤ d − 1 the x ℓ 's are expressed as:
In this case the x ℓ 's are d th roots of unity and z = − 1 u+1 or z = −1. (ii) For some m 1 , m 2 such that 0 ≤ m 1 = m 2 ≤ d − 1 the x ℓ 's are expressed as:
In this case we have z = − Remark 1. In particular, the invariants:
for classical knots all coincide with the Jones polynomial. From our point of view, this is the characteristic property of the algebra YTL d,n (u).
To recapitulate, the conditions on the trace tr are too strong, resulting in a trivial framization of the Jones polynomial. For this reason the algebra YTL d,n (u) is discarded as a framization of TL n (u).
5.3. For the second possibility we define for all i the following elements, where the framings are now also involved.
where g i,i+1 as defined in (5.3). Then, we obtain: GJKL2] ). The Complex Reflection Temperley-Lieb algebra, denoted CTL d,n (u), is defined as the quotient:
In [GJKL2] the necessary and sufficient conditions are determined for the trace tr to pass to CTL d,n (u). More precisely, we have the following: GJKL2] ). The trace tr passes to the quotient CTL d,n (u) if and only if the parameter z and the x i 's are related through the equation:
1 e 2 ) = 0 where e (k)
and where e (0) 1 = e 1 and E (0) = E. Remark 2. Contrary to the case of YTL d,n (u), the conditions of Theorem 7 are too relaxed on the trace parameters x i . However, in order to obtain framed, classical or singular link invariants from the algebras CTL d,n (u) one has to impose the E-condition on the x i 's. This in turn leads to the following values for z (see [GJKL2] ):
Again, the interesting value is z = −1/(u + 1)|D| and, as it turns out, the link invariants one obtains coincide with those from the algebras FTL d,n (u) that we define next.
5.4. From the above constructions and from the knot algebras point of view it follows that it would be more sensible to consider an intermediate algebra between CTL d,n (u) and YTL d,n (u), for which the conditions for the trace tr to pass through include explicitely all solutions of the E-system. Indeed, for all i we define the elements:
We now define: GJKL2] ). The framization of the Temperley-Lieb algebra, denoted FTL d,n (u), is defined as the quotient:
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For the algebra FTL d,n (u) we have determined in [GJKL2] the necessary and sufficient conditions on the trace parameters z and the x i 's for the trace tr to pass to FTL n (u). In order to state our result we need to introduce the following notation: given a sequence (x 1 , . . . , x d−1 ) of d − 1 complex numbers, we denote by x the function on Z/dZ with values in C, such that 0 is mapped to 1 and i in mapped to x i , for 1 ≤ i ≤ d − 1. Further, we denote x the Fourier transform of x (cf. [GJKL2, §3] ).
We then have the following: GJKL2] ). The trace tr passes to FTL d,n (u) if and only if the trace parameters satisfy
where the disjoint union D 1 ∪ D 2 is the support of the Fourier transformx of x,
and the y k 's denote the values ofx.
In particular, the above theorem implies that whenever the trace parameters are solutions of the E-system, then the trace tr passes to FTL d,n (u). Indeed, we have the following corollary.
Corollary 1 ([GJKL2]
). In the case where one of the sets D 1 or D 2 is the empty set we obtain that the values in the above theorem become solutions of the E-system. More precisely, in the case where D 1 is the empty set, the x m 's become the solutions of the E-system parametrized by D 2 and z takes the value z = −1/(u + 1)|D 2 |. In the case where D 2 is the empty set we have that the x m 's become the solutions of the E-system parametrized by D 1 and z takes the value z = −1/|D 1 |.
The above Corollary allows one to define a non-trivial version of a framed Jones polynomial in the same manner as the Jones polynomial coincides with P (u, u), the specialization of the Homflypt polynomial P (u, λ) for z = −1/(u + 1). More precisely, we give the following definition, which is possible by Corollary 1 and Eq. 3.2.
Definition 6 ([GJKL2]
). The framed Jones polynomial V D (u) is defined as the specialization of the polynomial Γ D (u, λ D ) at the value:
Hence:
Similarly, one derives the invariants ∆ D (u, u) and H D (u, u) for classical and singular links respectively from the invariants ∆ D (u, λ D ) and H D (u, λ D ) (recall §4) by specializing at z = −1/(u+1)|D|.
Remark 3. The invariants for classical links ∆ D (u, u) may prove to be topologically equivalent with the Jones polynomial, in analogy with ∆ D (u, λ D ) and the Homflypt polynomial (recall discussion at the end of § 4.3). In case they are not, one could compare corresponding 3-manifold invariants with the Witten invariants from the Jones polynomial, see [We] . 5.5. All three quotient algebras YTL d,n (u), FTL d,n (u) and CTL d,n (u) equipped with the Markov traces are interesting on their own right. They are related via the following algebra epimorphisms:
which follow from inclusions of their defining ideals [GJKL2] . 6. Framization of the Hecke-related algebras of type B 6.1. The Artin group of type B, denoted B 1,n , is related to the following Dynkin diagram: That is, B 1,n is presented by the braiding generators σ 1 , . . . , σ n−1 and the loop generator T (see Figure 8 ), satisfying the braid relations (1.1) and the relations: Geometrically, a braid in B 1,n has n + 1 strands, with the first strand identically fixed and the other n strands numbered from 1 to n. See Figure 9 for an example. Its closure is an oriented link in the solid torus, where the complement solid torus is represented by the closure of the fixed strand [La1, La2] .
Remark 4. The Artin braid group of type B, B 1,n , is isomorphic to the affine Artin braid group of type A, denoted B n . Thus, another geometric interpretation for elements in B 1,n is as cylinder braids, that is, as braids in a thickened cylinder. Then, depending on how closure is defined (by simple closed arcs in the thickened cylinder or by endpoints identifications), they could give rise to oriented links in the solid torus or in the thickened torus. 6.2. For u, U ∈ C\{0}, the classical Iwahori-Hecke algebra of type B [DJ] , denoted here H 1,n (u, U ), can be viewed as the quotient of the group algebra CB 1,n over the expressions:
Further, for u, u 1 , . . . , u r ∈ C\{0}, the cyclotomic Hecke algebra of type B and degree r [AK, BM] , denoted here H 1,n (u, u 1 , . . . , u r ), can be defined as the quotient of the group algebra CB 1,n over the expressions:
For r = 2 the algebra H 1,n (u, u 1 , u 2 ) can be proved to be isomorphic to H 1,n (u, U ).
Finally, the generalized Hecke algebra of type B [La2] , denoted H 1,n (u), is defined as the quotient of the group algebra CB 1,n over the expressions:
The algebra H 1,n (u) was observed by T. tom Dieck [La2, Remark 1] to be isomorphic to the affine Hecke algebra of type A.
In [La1, GL] and [La2] Markov traces have been constructed on all these algebras, giving rise to all possible analogues of the Homflypt polynomial for oriented links in the solid torus. The two rules of these traces, namely conjugation and Markov property, are analogous to the two rules of the Ocneanu trace (recall Theorem 1). Then, there is also a third inductive rule that takes care of the loopings, namely:
, where σ i corresponds to the braiding generator h i and T corresponds to T , and where a ∈ H 1,n (u, U ) or H 1,n (u, u 1 , . . . , u r ) or H 1,n (u), depending on the algebra we are in each time. For details see [La1, GL] and [La2] .
6.3. From the above it is natural to try to define framizations of the Hecke algebra of type B, of the cyclotomic Hecke algebra of type B and of the generalized Hecke algebra of type B, all B-type analogues of the Yokonuma-Hecke algebra, with the prospective to obtain invariants of links in the solid torus, framed, classical or singular, analogous to those defined by the Yokonuma-Hecke algebra. For this we define first:
Definition 7 (Definition 4 [JL6] ). The framed braid group of type B, F 1,n , is the group presented by the generators T, σ 1 , . . . , σ n−1 of B 1,n together with the framing generators t 1 , . . . , t n , subject to the relations of B 1,n together with the framing relations (1.2) and the relations:
Geometrically, elements in F 1,n have framings on the n numbered strands and upon closure they represent framed links in the solid torus. The d-modular framed braid group of type B, denoted F d,1,n , is defined by adding to the above presentation of F 1,n the relations:
Remark 5. By Remark 4 F 1,n is isomorphic to the affine framed braid group of type A, denoted F n . So, elements in F 1,n can be also interpreted as framed braids in a thickened cylinder. Then, upon different types of closures, they give rise to oriented framed links in the solid torus or in the thickened torus. 
It is clear that the elements e i are idempotents. The e i 's are represented geometrically as in Figure 1 , but with the addition in all terms of a first fixed strand with no framing.
We shall now define framizations of the B-type algebras above. These definitions have all been given in [JL6, Definition 5] .
Definition 8 ( [JL6] ). For u, U ∈ C\{0} we define the Yokonuma-Hecke algebra of type B, Y d,1,n (u, U ), as the algebra presented by the braiding generators g 1 , . . . , g n−1 , the loop generator T and the framing generators t 1 , . . . , t n , subject to the relations (2.2) for the braiding and framing generators, together with the following extra relations:
and the quadratic relations:
The generators g i and T are are easily seen to be invertible:
From the above presentation it is clear that the algebra Y d,1,n (u, U ) is a quotient of the modular framed braid group algebra CF d,1,n under the quadratic relations (6.3) and (6.4). This observation leads to diagrammatic interpretations for the elements of Y d,1,n (u, U ).
Definition 9 ([JL6]
). For u, u 1 , . . . , u r ∈ C\{0} we define the cyclotomic Yokonuma-Hecke algebra of type B and of degree r, Y d,1,n (u, u 1 , . . . , u r ), as the algebra presented by the braiding generators g 1 , . . . , g n−1 , the loop generator T and the framing generators t 1 , . . . , t n subject to the relations (2.2) for the braiding and framing generators, relations (6.2) for the loop generator, the quadratic relations (6.3) for the braiding generators and the following polynomial relation for the loop generator T in place of (6.4):
Note that the generators g i and T are invertible. Also, that the algebra Y d,1,n (u, u 1 , . . . , u r ) is clearly a quotient of the modular framed braid group algebra CF d,1,n under the quadratic relations (6.3) and relation (6.6).
Definition 10 ([JL6]
). For u ∈ C\{0} we define the generalized Yokonuma-Hecke algebra of type B, Y d,1,n (u), as the algebra presented by the braiding generators g 1 , . . . , g n−1 , the loop generator T and the framing generators t 1 , . . . , t n subject to the relations (2.2) for the braiding and framing generators, relations (6.2) for the loop generator and the quadratic relations (6.3) for the braiding generators. Note that for d = 1 the algebras Y 1,1,n (u, U ), Y 1,1,n (u, u 1 , . . . , u r ) and Y 1,1,n (u) coincide with the corresponding algebras of B-type defined above. Note also that the algebras Y d,1,n (u, U ) and Y d,1,n (u, u 1 , . . . , u r ) can be clearly viewed as quotients of Y d,1,n (u) by the relations (6.4) and (6.6) respectively. Namely, we have algebra epimorphisms:
On all these algebras unique Markov traces can be constructed with the three rules analogous to the rules of the Markov traces discussed in § 6.2, together with a fourth inductive rule that takes care of the framings, analogous to rule (3) of the Juyumaya trace tr (recall Theorem 2). Such traces are constructed in . Further, invariants of framed links, classical links and singular links in the solid torus can be constructed, up to necessary conditions analogous to the E-condition. These conditions are given in , where the representation theory of all these algebras is also studied.
7. Framization of the BMW algebra 7.1. Let l, m ∈ C\{0}. Birman and Wenzl [BW] and simultaneously but independently Murakami [Mu] defined a unital associative algebra C n = C n (l, m) which is known as the Birman-WenzlMurakami algebra or simply the BMW algebra. The algebra C n is defined by two sets of generators: the 'braiding' generators g 1 , . . . , g n−1 and the 'tangle' generators h 1 , . . . , h n−1 , satisfying: the braid relations (1.1) among the g i 's, together with the relations:
for all i g j h i = h i g j for |i − j| ≥ 2 and the quadratic relations:
(7.2) g 2 i = 1 − mg i + ml −1 h i (1 ≤ i ≤ n − 1).
For diagrammatic interpretations of the 'tangle' generators h i the reader may view Figure 10 , where the framings 0 and 1 should be ignored and where h i corresponds to the two horizontal arcs joining the i and i + 1 endpoints. From the defining relations of C n we deduce that the g i 's are invertible: The algebra C n is a quotient of the classical braid group algebra CB n . To see this consider C n generated by the g i 's only, and view Eq. 7.3 as the defining relations for the h i 's. Further, the element h i can be seen represented in the category of (n, n)-tangles as the elementary tangle consisting in two curved parallel horizontal arcs joining the endpoints i and i + 1 at the top and at the bottom of the otherwise identity tangle (see Figure 10) . The algebra C n is related to the Kauffman polynomial invariant for classical knots [Ka1] . 7.2. In [JL6] the framization of the BMW algebra has been introduced. We shall decribe it here briefly.
Definition 11. Let y 0 := y and y 1 , . . . , y d−1 in C\{0, 1}. The framization of the BMW algebra C n , denoted F d,n = F d,n (l, m, y 0 , . . . , y d−1 ), is defined through three sets of generators: the two sets of generators of the algebra C n given above, together with the framing generators t 1 , . . . , t n , satisfying all defining relations of C n except for the quadratic relations (7.2), which are replaced by the following quadratic relations:
where e i as defined in (2.4), together with the following relations for the framing generators:
(7.6) t d i = 1 and t i t j = t j t i for 1 ≤ i, j ≤ n t j g i = g i t s i (j) for 1 ≤ i ≤ n − 1 & 1 ≤ j ≤ n t i h i = t i+1 h i for 1 ≤ i ≤ n − 1
where s i (j) is the effect of the transposition s i = (i, i + 1) on j.
Note that for d = 1 we have e i = 1, hence F 1,n coincides with C n . Also, the elements g i are invertible [JL6, Proposition 1]: (7.7) g
The algebra F d,n can be viewed as a quotient of the modular framed braid group algebra CF d,n . To see this, in analogy to the classical case we exempt the h i 's from the set of generators for the algebra F d,n and we consider Eq. 7.7 as the defining relations for the h i 's. So, elements in the algebra F d,n can be viewed as framed (n, n)-tangles, with framings modulo d. In this context, Figures 10 and 11 illustrate two of the relations of (7.6).
In [JL6] it is shown that F d,n is finite dimensional. We also have the following important result.
Proposition 1 (Proposition 2 [JL6] ). The elements g i satisfy the quartic relation:
